
Master Exam Part I-Summer 2010

Do six of the following eight problems. But you need to do at least one of each of the
following area Algebra (1-2), Real Analysis (3-5), and Topology (6-7).

1. (Abstract algebra) Let H, K be two subgroups of a group G. Show that H ∩K is
a subgroup of G.

2. (Abstract Algebra) Let F, K be two subfields of a field L such that F ⊆ K ⊆ L.
Suppose that the dimension of L over K is m(< ∞) and the dimension of K over
F is n(< ∞). What is the dimension of L over F? Prove your argument.

3. (a) Let {fn(x)}∞n=1 be a sequence of continuous functions on [0, 1] that converges
to f(x) uniformly. Show that f(x) is a continuous function.

(b) Give an example of a sequence of continuous functions {gn(x)} on [0, 1] that
converges to g(x) pointwise, but g(x) is not continuous.

4. Let f(x) be a differentiable function (everywhere) from R to R. Recall a function
f is a contraction if |f(x)− f(y)| ≤ |x− y|. Show that f(x) is a contraction if and
only if |f ′(x)| ≤ 1 for all x ∈ R.

5. Let f(x) be a function from [0, 2] to R that is differentiable at 1. Show that f is
continuous at 1.

6. Show that every compact Hausdorff space is regular.

7. Let (X, d) be a metric space. Recall that a subset O of X is open if for x ∈ O,
O contains an open ball with center at x. Let x be any point in X and a, b two
positive reals such that 0 < a < b. Show that the set {y : a < d(x, y) < b} is open.

8. Let X be a finite dimensional inner product space and T a self-adjoint operator
from X to X (ie.e., T = T ∗).

(a) Show that every eigenvalue of T is real.

(b) Let λ1 and λ2 be two distinct eigenvalues of T and x1, x2 two non-zero eigen-
vectors corresponding to the eigenvalues λ1, λ2. Show that x1 · x2 = 0.


